A straightforward theory is presented to accurately model the light inferences in a low-finesse multimode fiber extrinsic Fabry-Perot ͑FP͒ interferometer. The effect on the fringe visibility of the gap length, sensor structure imperfections, and modal power distributions is explored. The analysis is particularly useful in the design and optimization of sensors that use an extrinsic FP cavity as the sensing element.
Introduction
Fiber-optic sensors have found numerous industrial and military applications in the past three decades. These sensors possess small size and high sensitivity, are immune to electromagnetic interference, and can be modified for distributed or multiparameter measurement. Among them, extrinsic Fabry-Perot ͑FP͒ interferometric ͑EFPI͒ fiber-optic sensors have attracted a great deal of attention because of their simple sensor structure and capability to measure various parameters such as strain, 1 temperature, 2 pressure, 3, 4 and acoustic waves. 5 However, the generally relatively higher cost of fiber-optic sensors compared with their electronic counterparts has limited the widespread use of these sensors. One of the limiting factors is use of high-power broadband light sources for white-light interferometry that permits accurate and absolute measurement. Multimode fiber ͑MMF͒ EFPI sensors would significantly lower the cost of the sensor systems because MMFs impose less-stringent constraints on the light source. Furthermore, for extreme harsh environments with temperatures above 1000°C, sapphire fiber EFPI sensors 6 are considered; these sapphire fibers are highly multimode because they are not clad and have a core size that is usually more than tens of micrometers.
The FP cavity in an EFPI sensor is usually formed between the endface of a lead-in fiber and a reflector placed at a distance ͑usually less than a few hundred micrometers͒ to the lead-in fiber endface. The reflections at the lead-in fiber endface and at the reflector are coupled back to the lead-in fiber and interfere to form certain interferometric fringe patterns. Changes in the FP cavity length, known as the gap length, cause the interferometric fringe variations. For an intensity-based low-finesse EFPI sensor, the sensitivity to a measurand-induced change in gap length is highly dependent on the visibility of the fringes. The fringe visibility in single-mode fiber ͑SMF͒ EFPI sensors has been extensively analyzed by the modeling of the output of the fiber as a point source 7 or, more accurately, as a Gaussian beam. 8 However, the research on MMF EFPI sensors has been limited. Pérennès et al. 9 have analyzed the MMF EFPI sensors based on geometrical-optics theory, in which the output of the propagation modes in a MMF is modeled as incoherent rays outputting the fiber endface with different angles. The geometrical-optics theory is an approximate method and is adequate only when the fiber characteristic dimension is much larger than the optical wavelength. This condition may not be satisfied for strongly guiding fibers, in which the refractive-index difference between the core and the cladding is large, such as a sapphire fiber; however, the electromagnetic theory that is based on Maxwell's equations can, in principle, be used in any situation and provides a complete treatment on mode mixing and inference. Nevertheless, to the best of our knowledge, no theoretical research on the exact analysis of MMF EFPI sensors based on electromagnetic wave propagation has been reported in detail so far. This paper is constructed as follows. In Section 2 we present an exact analysis on the fringe visibility of MMF EFPI sensors based on the electromagnetic theory. Even though a weakly guiding fiber is used in our analysis, the method we present is applicable for fibers of any kind. Then the numerical results based on the theory are discussed in Section 3. First, the effect on fringe visibility of the sensor parameters including the fiber core size, numerical aperture ͑NA͒ of the fiber, the modal power distribution in the lead-in fiber, and the gap length of the FP cavity is studied. Next, the effect of one of the typical interferometer imperfections, in which the two reflection surfaces of the FP cavity are not perfectly parallel to each other, is studied both theoretically and experimentally and the results are compared to validate the theory. Finally, several conclusions are given in Section 4.
Theory
A schematic of a low-finesse MMF EFPI sensor is shown in Fig. 1 . The FP cavity is formed by the endface R 1 of the lead-in MMF and another reflection surface R 2 . For an ideal EFPI sensor, R 1 and R 2 are perfectly parallel to each other and are perpendicular to the fiber axis z. n 3 is the refractive index inside the FP cavity. For simplicity, it is assumed that the cavity is filled with air and thus n 3 ϭ 1. Suppose the MMF has a core radius a and is step indexed with a refractive index n 1 in the core and n 2 in the cladding. The gap length d is defined as the distance between R 1 and R 2 . The reflection coefficient r 1 of surface R 1 and reflection coefficient r 2 of surface R 2 are defined by the weak Fresnel reflection arising from the refractive-index mismatches at the two surfaces. In practice, the reflections at the interfaces are usually small. The light propagating along the lead-in MMF is partially reflected by R 1 and R 2 , and the two reflections are coupled back into the lead-in MMF and interfere to form interferometric fringes.
We assume that the MMF supports N orthogonal guided eigenmodes with the normalized field profile of the kth modes k ͑k ϭ 1, 2, . . . , N͒. The total field of the light propagating along the ϩz direction can be expressed as a superposition of all the guided modes, which can be written as 10
where ê k is a unit vector representing the polarization of the mode and the coefficient p k is the complex magnitude of the kth mode representing the modal distribution in the fiber. For example, if we assume all modes in the MMF are equally excited, then all modes will have the same intensity, so ͉ p k ͉ ϭ p for k ϭ 1, 2, . . . , N, where p is a constant. The intensity of the reflected light can be expressed as the superposition of the intensities of all modes because they are orthogonal:
Similarly, for the reflected light propagating along the Ϫz direction, the field can also be decomposed to a set of guided modes:
and the intensity of the reflected light is expressed as
Now we consider the field of a particular mode q k k of the reflected light. Because the Fresnel reflections at the reflection surfaces are low, the effect of the multiple reflections in the cavity is neglected. Thus the reflected light comes from the two reflections at surface R 1 and surface R 2 . Because surface R 1 is perpendicular to the fiber axis, the kth mode propagating along the ϩz direction will be coupled back to the kth mode propagating along the Ϫz direction at the reflection by surface R 1 and there is no coupling between modes with different mode numbers. However, because of the lateral displacement d ͑gap length͒ of surface R 2 to the fiber endface R 1 , only part of the mode k propagating along the ϩz direction that is reflected by surface R 2 can be coupled back to mode k. Furthermore, modes with mode numbers different from k that are reflected by surface R 2 can also be coupled into mode k. Thus the reflected field profile of mode k can be expressed as the summation of three terms:
Note that we have already assumed r 1 ϭ r 2 ϭ r and neglected the light power loss due to the Fresnel reflection of surface R 1 . In Eq. ͑5͒ the first term rp k k is the reflection at surface R 1 ; the second term k rp k k exp͑iٌ 0 ͒ is the reflection at surface R 2 of the same mode k with a phase shift ٌ 0 ϭ 4n 3 d͞ with respect to k rp k k ; k is the coupling coefficient be- tween the mode k propagating along the Ϫz direction and the same mode propagating along the ϩz direction but reflected back by surface R 2 . The coupling occurs at the surface plane R 1 . We assume k ϭ ͉ k ͉exp͑i k ͒. The third term c k k exp͑iٌ rk ͒ is the reflection at surface R 2 of other modes with phase shift ٌ rk , where c k is an overall coupling coefficient and is a real number. Thus the reflected light intensity of mode k is expressed as
Substituting Eq. ͑6͒ into Eq. ͑4͒ we obtain the total reflected light intensity I R :
Noting that all modes propagating along the MMF have a random initial phase relationship when they are excited by the light source and individual modes with different propagation constants experience a different phase shift during propagation along the fiber, it is reasonable to assume that ٌ rk is a random variable uniformly distributed in the phase range ͓Ϫ, ͔. Furthermore, we assume that the number of the modes excited in the fiber is sufficiently large so that the summation of the terms related to ٌ rk is averaged to zero in Eq. ͑7͒. This assumption is reasonable for a typical MMF that usually supports several hundred modes at wavelengths around 1550 nm. Thus Eq. ͑7͒ is simplified to be of the form
Equation ͑8͒ is a function of the phase shift ٌ 0 , and it describes the fringe visibility of the reflected light in the fiber. To find the maximum I max and the minimum I min , the values of ٌ 0 where I max and I min occur are found when we solve
The solutions of Eq. ͑9͒ are given by
one of which corresponds to I max and the other to I min . Substituting Eqs. ͑10͒ and ͑11͒ into Eq. ͑8͒, we obtain I max and I min :
Thus the fringe visibility defined by V b ϭ ͑I max Ϫ I min ͒͑͞I max ϩ I min ͒ is simply expressed as
For simplicity, the input power of the lead-in fiber is normalized to be unity, namely,
Thus Eq. ͑14͒ is further simplified to be of the form
where
R 2 is actually the light power coupling coefficient between the fiber F and its mirror image FЈ with respect to surface plane R 2 , as shown in Fig. 2 . For two step-index ͑SI͒ MMFs that have a longitudinal offset 2d, the light power coupling has been shown to be 11
where c ϭ sin
Now we consider the calculation of the mode coupling coefficient k . Assuming that k Ј is the eigenmode k of fiber F, transmitted a distance of 2l to plane R 1 Ј, the coupling coefficient is obtained when we perform the overlap integral of k and k Ј over the surface R 1 Ј, which leads to 9
The field distribution of k Ј is given by the formula 12
where F xy and F xy Ϫ1 denote the two-dimensional spatial Fourier transform and its inverse Fourier transform with transform variables k x and k y known as spatial frequencies. H͑k x , k y ; z͒ is called the spatial transfer function of propagation of light through a distance z in free space and is defined by 12
The calculation of fringe visibility by Eq. ͑16͒ is general and applies to any MMF, provided that a sufficient number of modes is excited in the fiber. However, to keep the analysis as clear as possible and focused on the modes' interactions rather than calculations of the modes themselves, we assume here a weakly guided SI fiber, the structure of which is shown in Fig. 3 . Because ⌬ is small, where ⌬ ϭ ͑n 1 Ϫ n 2 ͒͞n 1 is the normalized core-cladding index difference of the fiber, the linearly polarized mode approximation should be sufficient to describe the modes guided by the fiber. 13 With these assumptions, the characteristic equation in the fiber that we solve to obtain the effective index n eff of all possible modes with azimuthal number l is given by 13 J l ͑u͓͒͞uJ lϪ1 ͑u͔͒ ϩ K l ͑w͓͒͞wK lϪ1 ͑w͔͒ ϭ 0, (22) where J is a Bessel function of the first kind, K is a modified Bessel function of the second kind, u and w are defined by u ϭ ͑2a͒͑͞n 1 2 Ϫ n eff 2 ͒ 1͞2 and w ϭ ͑2a͒͑͞n eff 2 Ϫ n 2 2 ͒ 1͞2 at wavelength , and the rest of the parameters are defined in Fig. 3 . Once Eq. ͑22͒ is solved, the field profile of an eigenmode in the fiber is readily obtained in terms of radial and azimuthal components 13 :
The number of guided modes that a fiber can support is determined by the normalized frequency V of the fiber, which is defined by V ϭ ͑2a͒͑͞n 1 2 Ϫ n 2 2 ͒ 1͞2 . Provided that l Ͼ 0, the maximum value of l can be found when we solve the inequities
So far we have elaborated the calculations of the mode profiles k ; thus the mode coupling coefficient k can be obtained by a combination of Eqs. ͑20͒ and ͑19͒. From Eq. ͑16͒, modal distribution parameters ͉ p k ͉ 2 are needed before the fringe visibilities can be calculated. A uniformly modal power distribution is assumed in many reports. 9, 10 However, if we assume that the mode coupling through the propagation along the MMF is negligible, which may be a reasonable assumption for a fiber length no longer than several hundred meters, 14 ͉ p k ͉ 2 can be calculated by the initial conditions and is given by
where s is the field profile transmitted to the MMF input plane R i of the light from the source that excites the MMF, and B is a normalization coefficient determined by Eq. ͑15͒. In our simulation, in addition to the assumption of uniform modal power distribution, we also study the case in which the MMF is illuminated by a SMF output, thus the light power of the MMF has a heavier distribution on the lower-order modes.
Results
In this section the effect on the fringe visibility of the gap length of a sensor is first studied in Subsection 3.A. Then the effect of a typical imperfection in a MMF EFPI sensor, namely, the wedge of the sensor head, is studied theoretically in Subsection 3.B and experimentally in Subsection 3.C. In the analysis, the light wavelength is set to ϭ 1.55 m. Three different types of weakly guided SI MMF are chosen as the lead-in fiber in the MMF EFPI sensor, the parameters of which are shown in Table 1 . Fiber 1 has a much larger core diameter ͑2a͒ than fiber 2; however, their core and cladding refractive indices n 1 and n 2 are chosen to support the same total linearly polarized mode number N in both fibers. Fiber 3 is chosen to have the same core diameter as fiber 2 and the same n 1 and n 2 as fiber 1. Thus fiber 3 has the same NA as fiber 1, but a smaller V number and supports less modes than fibers 1 and 2.
A. Gap Length
Here we assume an ideal MMF EFPI sensor, with reflection surfaces R 1 and R 2 perfectly parallel to each other and both perpendicular to the fiber axis z.
First we consider the case in which all the propagation modes in the MMFs are equally excited, which leads to ͉ p k ͉ 2 ϭ 1͞N according to Eq. ͑15͒. The fringe visibility as a function of the gap length for fibers 1, 2, and 3 is shown in Fig. 4 . The fringe visibility of all three fibers starts from the same maximum ͑100%͒ at d ϭ 0 and decreases as the gap length increases, with sidelobes appearing at the tail of the curves. However, the visibility of fiber 2, which has a larger NA than fibers 1 and 3, drops much more quickly down to the first minimum as the air gap increases to 16 m. The visibility of fibers 1 and 3, which have the same NA, drops to its first minimum almost at the same gap length. This is in agreement with the conclusion obtained by the geometrical-optics theory 9 that the gap length d min , where minimum fringe visibility occurs, is determined by the NA of the fiber; a smaller NA leads to a larger d min .
Next the effect on the fringe visibility of the mode field distribution is considered. Instead of a uniform modal power distribution, we consider the case in which the MMF is illuminated by a SMF output, as shown in Fig. 5 . In our simulation, the SMF has a core refractive index of 1.445, a cladding refractive index of 1.440, and a core diameter of 9 m. There is only one mode, 0 , propagating along the SMF, and the calculated mode field diameter is 10.04 m. From Eq. ͑25͒, only those modes with the same azimuthal number as 0 can be excited in the MMF. Thus only a portion of guided modes are excited. The mode power coefficient of each mode, ͉ p k ͉ 2 , is given by Eq. ͑25͒, and the calculated fringe visibility as a function of gap length is shown in Fig. 6 .
A comparison of Figs. 6 and 5 shows that, for a given gap length, the MMF EFPI sensor excited by a SMF has a larger fringe visibility compared with a uniform mode excitation. For example, fiber 2 illuminated by a SMF still has a fringe visibility of 71.8% at the gap length of 16 m, whereas it would drop to only 6.0% if all modes were uniformly excited. Also note that the fringe visibility of fiber 1 drops slower than that of fiber 3 in Fig. 6 , whereas they have almost the same response to the gap length when all modes are uniformly excited. This indicates that a reduction in mode numbers is more efficient for larger core fibers to increase the fringe visibility.
B. Wedges
In practice, the two reflection surfaces in a MMF EFPI sensor are usually not perfectly parallel to each other because of the limited fabrication accuracy. The cavity geometry therefore becomes that of a wedge, introducing variations in the cavity thickness of the interferometer. The effect on fringe visibility of the wedge is studied in this subsection. Here we assume that reflection surface plane R 1 is still perpendicular to the fiber axis z whereas reflection surface R 2 is tilted from its original position, forming a wedge angle of ␦ with respect to R 1 , as shown in Fig.  7 . The effect of the angular and lateral misalignment between the lead-in fiber F and its mirror image fiber FЈ caused by a wedge must be considered when we use Eq. ͑19͒ to calculate the mode coupling coefficient k . The effect of the wedge is to produce a linear phase change across the beam 15 and a spatial displacement between mode k Ј and k at the coupling plane R 1 Ј. For mode k Ј that is misaligned by a wedge angle ␦, the field can be described by
Thus mode coupling coefficient k is obtained when Eq. ͑26͒ is substituted into Eq. ͑19͒.
Again we assume that all the modes are equally excited in the fiber. The fringe visibility of fiber 1 as a function of the wedge angle is plotted in Fig. 8 at different gap lengths d ϭ 20, 30, and 40 m. The fringe visibility curve decreases as the wedge angle is increased and it also shows sidelobe structures at the tail of the curve. It is also shown that, even with different starting visibilities, the three curves corresponding to various gap lengths drop to the first minimum, which is around 4%, at the same wedge angle of 0.54°. Thus the effect on the fringe visibility of the wedge angle does not depend on the gap length. The fringe visibility for the three fibers at selected gap lengths is plotted in Fig. 9 . The gap length used for fibers 1 and 3 are 30 m, whereas a 10-m gap length is used for fiber 2 to clearly show the trend of fringe visibility changes. Apparently the fringe visibility curve of fiber 1 drops more quickly than fibers 2 and 3, whereas the fringe visibility of fibers 2 and 3 shows a similar response to the wedge angles. Thus it is concluded that the sensitivity of fringe visibility to wedge angle depends on the fiber core diameter. A MMF EFPI sensor with bigger core diameter fibers is more vulnerable to imperfections on the parallelism of the two reflection surfaces of the cavity. Now we consider the case in which the MMF is illuminated by a SMF output, as discussed in Subsection 3.A. The SMF parameters are all the same as those in Subsection 3.A. The results for fibers 1, 2, and 3 are shown in Fig. 10 and compared with the result shown in Fig. 9 . The comparison shows that the sensitivity of fringe visibility to the wedge angles is not significantly effected when the modes are reduced in number, even though fringe visibility is increased by SMF output excitation.
C. Experimental Verification
To validate the theory and the analysis, the fringe visibility as a function of the wedge angle was measured to compare with the theoretical results. The experimental setup is shown in Fig. 11 . To maximally excite the modes of the MMF, the light from a fiber-optic light system ͑Model MKII, Nikon, Inc.͒ was directly coupled into 1-m-long SI MMF with a core diameter of 105 m and a cladding diameter of 125 m. The refractive indices of the core and cladding in the fiber are 1.448 and 1.440, respectively. A 3-dB SI MMF coupler was used to separate the input and output light from the EFPI instrument. The core and cladding diameters of the fiber used for the coupler were 100 and 140 m, respectively. Another 1-m-long 105-125-m SI MMF was used to transmit the input and output light to and from the interferometer. The detail of the interferometer is shown in the inset of Fig. 11 . To ensure that the two reflection surfaces are flat, instead of using a cleaved fiber end as the reflection surface, we attached a 50-m-thick fused-silica substrate to the fiber end. Thus the side S 1 of the substrate formed one reflection surface of the EFPI instrument. The other reflection surface was formed by the side S 2 of a 170-m-thick fused-silica substrate, which is mounted onto a five-dimensional positioner to allow the adjustment of the wedge angle ␦. Index-matching gel was applied to the fiber end and to the sides of the diaphragms where reflections are undesirable. An optical spectrum analyzer ͑Model AQ-6315A, Ando Electric Co., Ltd.͒ was used to measure the interference fringes from the EPFI instrument and monitor the gap length d. In the experiment, the wedge angle was changed from Ϫ0.3°to ϩ0.5°, and the gap length was maintained at 40 m during the measurement. The experimental data for the visibility as a function of the wedge angle are plotted and compared with the theoretical result in Fig. 12 . The theory and the analysis were validated by the good agreement between the experimental and the theoretical results.
Conclusions
A straightforward theory has been presented that accurately models the light inference in a low-finesse MMF EFPI sensor. In the model, the electric field is described by a set of guided modes with a certain power distribution and random phase relationship. The light inference occurs only on the same mode, whereas different modes could mix when the reflected light is coupled back to the fiber. Theoretically, this model is general and is sufficient to describe EFPI instruments with fibers of any kind.
On the basis of this model, our analysis shows that the fringe visibility decreases as the gap length increases. The analysis also indicates that the fringe visibility of an EFPI instrument with a smaller NA fiber is less sensitive to the gap length of the EFPI instrument. The wedge angle effect on fringe visibility is studied and is found to depend on the fiber core size. Fringe visibility is more sensitive to the wedge angle for a larger core MMF EFPI sensor. For example, for the 100-m core diameter fiber EFPI sensor with a gap length of 30 m, a 0.58°w edge angle will drop the fringe visibility to 4% if the all modes are equally excited. This corresponds to a 1.88-m variation of the cavity thickness over the overall fiber core cross section.
Our analysis also indicates that the effect of the modal power distribution in the lead-in fiber could be significant. For a given gap length, the fringe visibility can be increased by a reduction of the number of modes excited in the fiber. This could be of great importance for cases in which it is difficult to reduce the NA of the fiber, for example, when sapphire fiber, which is not clad, is used. 
